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WE

HXHRE, SUIEE S B E R AR — 4R response law TEAS R ALLHIWLMI,
AR, giitse, aEdEotr, SRS FRENREATTE ST E SR T —HAalr
A unit HHEAF response function 15, ASCRIXIR BN T 1M 7 P 4 4% H
observed modifier &5 | LM varying-coefficient 5 functional-coefficient models; &8
BEE =MW subject-specific HIZkY random-effects 5 functional mixed-effects models; #£
TN Ak T 53 B AL B AN BUE S5 f )R B FY causal machine learning; PAKM context
5 evidence 4 AEESRELN Hypernetwork, Neural Process SHEIC¥ 715, AKX E
52 factual prediction. &% response benchmark S54i&BEMGIKE, FIHACERMELR, IF
REEEHEEE. RBOLF ARG —IEEETEANER, 2082 “B1 wit AH
LY response function” FHIEZXH; ARG —RIIZ, QIAMHE world-side token outcome
generation 5 learner-side prediction 73 FF, Model-level U J%E£¥ token, U = v* JG3EFR outcome
7 Yur (z) = fo(x, E;u*)oLearner HE| predictors X = z J5, /eHIE Y factual evidence i point,
Gaussian B¢ Cauchy abduction, FEE factual query fii A% generator, Distributional
prediction A pso(y | 27,29) = [po(y | 9, u)gs(u | 2¥)dus Same-token counterfactual [ElE
factual abduction, HMZE query, Cauchy f location/scale {HJC finite mean/variance; ‘E#
15 globally open candidate uncertainty, RUEET outcome HBREFHHEA unit 4,

Abstract. This narrative review studies a family of methods that assign or infer a distinct
response function for each observational unit, subject, location, state, or task. We connect
four literatures: varying- and functional-coefficient models, random and functional mixed-
effects models, heterogeneous treatment and continuous dose-response estimation, and modern
conditional function generators such as Hypernetworks and Neural Processes. We separate real
factual prediction from semi-synthetic counterfactual benchmarks. For the current method,
model-level U selects a token, U = u* is its actual embedding, and Yy« (z) = fo(x, E;u*).
Predictors first provide factual evidence for point, Gaussian, or Cauchy unit abduction and
then provide the factual generator query. Distributional prediction composes candidates as
poo(y | 2F,29) = [po(y | 29,u)gs(u | 2F)du. A same-token counterfactual fixes factual
abduction and changes only the query. Cauchy abduction has location and scale but no finite
mean or variance; its heavy tails do not imply unrestricted outcome support.

i varying-coefficient model; functional coefficient; random effects; functional mixed effects;
individualized treatment effect; dose-response; Hypernetwork; Neural Process; unit-level response
function; one-shot function learning

Keywords: varying coefficients; functional mixed effects; individualized response; dose-response;
conditional function generation; unit-level response function; one-shot learning
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1 A, JERESZERAE
1.1 W5

1% unit i Y response law

Ri: X = P).
ASCRIDAYABE R THER, T2 N HNX A 5 AR (A :
FARFL AR AT unit 6 RIE response function? XEETF ARG 2=

SRR R SIE, AEMRSSEE ERBLREY, SOt A l— G — RO iE
Plas 77

XHEP “unit” ATDUBRAL HRE . MBEXEL &, WEFFIFMEN RIS, el Bl
TSI task, AN SCHRA unit AR SGERAIR, B B EIETEY S — R AMARIL HR
HERETAEBHMIE estimand B identification semantics,

1.2 ZBMATEE

ASCRABOR AR R R, X2

1. BEEOER: 1AM A varying-coefficient, functional-coefficient, random-coefficient %
subject-specific functional effects;

2. SKRRFEM: J7IEM unit/task evidence AENSEL. PREERE 3, BIEEAEERH VCM 4475,
3. BERRHML: 77154 >] CATE.ITE & continuous dose-response, {H A EASHAZAT H ignorability.
overlap, cross-world B{SCS IR,

ZIZ SAETN” RENHAN, HAYHERE X FRIX unit-conditioned relation, curve,
mechanism BY function distribution B, 7'J&TARSCIEHIZONZ,
1.3 FE%R

A ESEE T 5K AR =AY

« HE3 factual prediction: #iAFl outcome ¥R HESZWIM, R held-out prediction;
o FER response/counterfactual benchmark: covariates %ﬁgiﬁiﬁ, {H treatment.
outcome L 5EF response curve HIFFE LR

o HEHHITKE . unit function S5FTHE query outcome ¥3JH simulator %5,

X=X MRES, PEREIER] AT S IRE T Ok, AR ERIEHESIR A
) counterfactual response EIKE .,

2 —PMHE—EAE=TNEX 7
2.1 MIEZEEEEF| unit-conditioned function

SRR STEH A T — 53R law:

Yi ~ R(- | Xi).

=N

B AT LY unit heterogeneity 21l observed descriptor Z; BMIX %% law:

2
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Ri(- | ) = Go(Zi)(- | @).
H—2F, B PAE unit function A H N latent random object:

F; ~ Pp, Yie ~ Fi(- | Xit), p(EF; | O;)
H unit BIEEE S O; B, Bi—MEIELH— MIEM context-indexed function; J5—#f
GERE T learner X unit function BYJE5AHE M,
2.2 observed-indexed FEFETAAZARY unit-specific
28 VCM 7] DL AR

E(Y; | Xi, Zi) = Bo(Zi) + X, B(Z;).
KIS unit FER T —5%

Gi(z) = Bo(Zi) + ' B(Z:),
EFDEEHER Z; 1 unit S2HREE, VCM 2ZSIHEMN modifier F|FEHIMLE,
MIZ unit BIRA J7 5 HIRAI— 44L& latent function,
2.3 T3 unit type. 374 state 5 event noise
TEAIEFASRES, BRZNRTE

}/it ~ R@( | Aita U’hsit?Eit))
Hrp:

o U; 525 repeated events LR¥FHY response-relevant unit type;
o Si 2 BEI [ 2R LAY P ERERAMERAR A ;
o By BREERRELN;

o Ay BHHI query, exposure, action B{ treatment,

MR S, 5 U IBE—E, “[F— unit B response function” MEFERRIC R R NKES; W1
i By IR U;, BB SHEEIR realization 1524 AFE M

2.4 predictive heterogeneity AT causal response
TR RAE RN EEE T Al REEUE AL, (BTG SCANFE]:

m(a,z) =E(Y | A=a,X =x),

n(a,z) = E{Y(a) | X = a}.

HETE treatment assignment, confounding. consistency A1 support %#ﬁﬁﬁﬁ, R A HE
PAlE#E, EE—2, BMEIRNT pa,z), BIEEDRREN « BABEERAEFEY, mA2E N
AT MARIZEEE Vi(a)s
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3 AR

3.1 Hi¥: random coefficients 5 mixed effects

MESEGFREMN VOM AR, Laird 5 Ware FIZAA] random-effects model & A [E]
TEXIMN S subject-specific random effects 737

Yie = Xi B+ Zibi +eiu, b~ P

BEEMEMHEFREREWAT b; I shrinkage estimation; #T subject FIETHIUIEB) population
distribution, (Laird and Ware, 1982) BLE T iX— A EBES,
Guo K4 random effect MARRZEMIERY R FEHLEKEL:

Gi(t) = Go(t) + Bi(t),

HES —FIE = A FEIRNA{E T population-average 5 subject-specific curves, (Guo, 2002)
MEZMA I FHRIZE “E1 subject A—25H . response curve” HIXHRZ —

XK BIEEFRER— subject FIZ UM, HAE—1 outcome I, MAREAL
IR FENLERE T 2 population prior SR &HRAE, unit-specific evidence M55,

3.2 Varying-coefficient models: M\— NS RED—HERHXR

JEEBEIFTE Cleveland, Grosse 55 Shyu B LEFHEAIRME T “SEEERIERA B0 BRI
fitic (Cleveland et al., 1992) Hastie 5 Tibshirani ¥IXFEH RSN varying-coefficient models:

p
gE(Y | X, R)} = X;B;(R)).
=0
A28 G5 backfitting %, HIEHEZRY fEF| Gaussian regression, | S Z A
1 Cox proportional hazards, M GAM. dynamic GLM SRR effect modification JEFEHFERK,
(Hastie and Tibshirani, 1993)
VCM HEEETTER A HJE “Z 7T interaction”s BEE— unit Y descriptor R; BL& L —H
JaEB coefficient functions, MITIIAEEZ4E1% unit Y response function, SILFIRF, B <X X &
SR, FONMRYE modifier fAFSECER BARTE RARS IR 4EE TR M

3.2.1 1993 FRXRERBRTTA?

JRIEXE—DNEEHI T Burns 8 Aorta, MM —MERELEAZ NI NOx HERELE,
Hon =88 ML, & E FIR air-fuel equivalence ratio, C' 7R compression ratio, E&FILLE

E(NOx | E,C) = Bo(E) + By (E)C.

XH E 72 effect modifier, C ZIRFFRIFRELIER predictor, FxZ% varying-slope FEH [ residual
sum of squares N 2.65 (72 degrees of freedom); F&H =NFE Al BLAY L5 737109 5.19. 6.33 T 3.20,
W HE approximate F-tests HIWr: £ 5 C M interaction NEEEME, H C 1Y coefficient FZ 2 pE E
B MM, XBEARE XGRS in-sample fit, {HAZIE X _EAY held-out benchmark,
(Hastie and Tibshirani, 1993)

FoANEEN AT VOM G logistic regression, #FFEMEIFIM myocardial-infarction FEH
blood pressure, cholesterol ratio 55 antihypertensive treatment FJ22 H., YE& BAREEEE : XUK: K 722
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TERBIAAE MI Z JETNER), Rk iZGI5E 2 246 E/R flexible interaction PAA naive observational
interpretation FJFARE, FREXHIEMAIL treatment effect FYIEHE, (Hastie and Tibshirani, 1993)

XA PR HESEMEE TAXHIAIE: VCM B modifier ] UR4ERS, I, L&, IR
AR, ERNEBME modifier B observations 73 HC[E — 555 MmN K EANEHINETHAD
subject FHHA evidence, B HFHRFIARATAN individual mechanism,

Fan 5 Zhang BEfG#E37 T local linear, two-step optimal estimation FHITHIE; HA[FH
coefficient functions EAHIE smoothness I, AT A] DAL T-4M2R one-step procedure, (Fan
and Zhang, 1999); HIGEELFRELE T VCM 1EATT. Rl TATRF. B, AR YA survival
data HHYARE, (Fan and Zhang, 2008)

3.3 EHEEMR: NE. 2E. SEENRESH
3.3.1 M5 functional data

Hoover F5 7 AHNEE N E R time-varying coefficients, IFF— subject M, F
Z5H1 smoothing spline, local polynomial, cross-validation FIUEPERT, (Hoover et al., 1998)

Huang, Wu 5 Zhou #—2FH basis functions i FE, 24t subject bootstrap, BEASX
SRR, HALF observation times Fili HAMINIAY repeated measurements, (Huang et al.,
2002)

3.3.2 JE&MER EFS

Chen 5 Tsay #9 functional-coefficient autoregressive model il: AR coefficients Bififi f5 RS2
1k, BEFIEIZ A threshold Al smooth-transition dynamics, (Chen and Tsay, 1993)

Cai, Fan 55 Yao K& T REE&MAG T, BAAGKA] forecasting 771K, A 19RIE: HAEE—1
RIS Uy, [RINERFFRT lag vector HIZMEEER, R DALLSE RAES BN RIFAE T EEA, (Cai
et al., 2000)

3.3.3 ZHERFHME:

Geographically Weighted Regression 7E&PMHA EILE /IEBEIEAEER, FHHZSME kernel R
TEARUENLMAIAEE, EA R _EJE DA location A modifier FYZE REFER JEA housing, E., AT
R FRIXIMETTHY spatial nonstationarity, (Brunsdon et al., 1996)

3.3.4 %3] modifier 5E54EERE

&4t VCM Fisefa €M ™2 &2 modifier, Adaptive VCM #H—% > — MR4E index,
coefficients AR H S AIKEL, ML RIGTEFIAEEELI 2 BT, (Fan et al., 2003)

1£ large-p, small-n 1HEH, Xue 5 Qu BEITAEMIENIEREIES coefficient functions, 1E
BH oracle property SR ; HAEIHPESLEANEESIR ST LASSO. adaptive LASSO #
SCAD, (Xue and Qu, 2012)

3.3.5 MFEZLETBRZL

Model-based recursive partitioning 5ol & — PNSEEE!, FHALK parameter instability, 71
B AEE R partitioning variable ¥EIAY] 43, KIS E] piecewise-constant HYJEHPMARN AR, (Zeileis
et al., 2008)

Decision-tree-boosted VCM NI E#EF boosted trees /R effect modifiers, J#/PXf modifier
space HEIBEMINREL, FHIRH coefficient-level explanation, (Zhou and Hooker, 2022)
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B 2026 1F, IXKGUH A IEEANELRSL K JE, Fabbrico, Pedone 45 Stingo ) INVENT #5484
covariates [FIINfAEA predictors 5 effect modifiers, FIIEAZ spline basis FIF#ERE Bayesian prior %&£
2tk JFE Mt main effects 5 interactions, I 52 A ACFIXFONE M G K likelihood identifiability
Al#, ‘BEr 4 subject-specific coefficients, {HIX%E coefficients 1/55& observed covariates FSF- 7 B
B, MAERMHE repeated history HEWTHY latent unit function, (Fabbrico et al., 2026)

3.4 HRYEES: NREEINE#ES% dose-response curve

—JC treatment I, causal forest fitjit

7(z) =E{Y(1) - Y(0) | X =z},

¥ random forest IRIER4HAEESI T heterogeneous treatment effects SGETHEWT, (Wager
and Athey, 2018)

Bayesian multi-task Gaussian Process 8 factual 5 counterfactual outcomes {E vector-
valued function, FH45H ™MK treatment-effect estimate HY pointwise credible intervals, (Alaa and
van der Schaar, 2017)

L treatment HE— contrast ¥ EAIESKHIZE, DRNet [ treatment-specific layers 5
dose strata heads #>] 2™ treatment HYJ dose-response, (Schwab et al., 2020)

SCIGAN HZER 2SN counterfactual response curves, FFl[Z% inference network NFTFHEA
PL, (Bica et al., 2020)

VCNet 2XZRRIBRELMHM VOM Wi E#iER, EIb neural prediction head HIREERK
4 treatment ¢ FY spline functions:

ft, x) = fory{z(z)}.

WX EIRE T generalized propensity density, F#F functional targeted regularization {ii 1%

2% average dose-response curve, (Nie et al., 2021)

SR, XL A “individualized” J@H TS

u(t,z) = E{Y () | X =z},

Bl observed covariates FT RG-S potential-outcome curve, ‘B 1i%AE MN—"1 AH—
X factual treatment HIHAIIZABIAAIZ] latent Y;(¢) trajectorys

3.5 X function generators: [E—EEREE2ESEHIR
Hypernetwork F—"PWZEA4E RS — PNIIZEHISEL:

0; = hg(0;), Gi(x) = fo,(2).

545 HyperNetworks fE character-level language modeling, handwriting generation 1 neural
machine translation FIREFZI YN SOTA WEER, HAE CNN ERAE/DSEEUSE =S IIE
BIRBIFRI, (Ha et al., 2017)

Conditional Neural Process M/D'& context input-output pairs HEMT—2% task-specific func-
tion, 8 Gaussian Process HRESCR MBS RMEMLKE LS, HHTEIE, 772880 image
completion, (Garnelo et al., 2018)

XETTEIEA T “M evidence AN —ZREE CEHA TR ML, Ef15 VOM BIXAFIFET
modifier A HZE—MR4EPRER, AR AIRER2 R KM %s; HEEE A E3HE causal 5

physical mechanism semantics,
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3.6 Cauchy random effect: HHFKBFEMIER—EE

RECaST H random calibration effect 8; = (1, z;)/f(0s, ;) & source model B9 prediction
S target population, TE source/target ERENER MRS, feature z; ~ N, (0, I,) N, Pt
B2 2t exact ARM Cauchy; H heavy tails SRIFH KRR source-target discrepancy, FEARSST
posterior predictive uncertainty 5 prediction-set coverage, (Hickey et al., 2024)

XJB YT Cauchy EFIVEZHGRDE, HAZHMME learning objecto RECaST B 3; 1
1 source-to-target mapping, WS IR Bayesian parent-parameter posterior; I
unit evidence abduce X} fixed actual U = u* B candidate embedding law, tHAES] v {2+
po(- | x,u)} HY shared generator family, I, AJCAEFHEXS Cauchy ratio, heavy-tail robustness
5 coverage IIRIE, FREETE RKELZEH TAHIIEE ontology,

4 URFFRFRFEI THA?

WaRZ3 HUAITE unit evidence primary object ol Al iR &

VCM / functional Gi(x) = observed modifier Z; HIERIFFE coefficient #H[F Z HJ units

coefficient Bo(Z:) + JZTﬁ(Zi) functions [f]— response

function

Random/functional ~ G; = Go + B; group identity + random T ERICH N

mixed effects repeated outcomes coefficient /function subject-specific curve
posterior

CATE / wla,z) = E{Y (a) | pretreatment conditional TERAIMBRIE FRY S

dose-response X =z} covariates potential-outcome TSR SR R
mean/contrast

Hypernetwork / O; — p(G; | 0y) B task context. task/unit-conditioned BB IKSN R B A

Neural Process 0; = h(O;) descriptor, history function ENEFSE Ik

XHE guard, FTHHY random coefficient/function posterior 5 p(G; | O;) /& mixed-effects.
Gaussian Process B{ Neural Process SFHRBSCBRAYESL A SIS, RNREN TG Y H1 77 AT A4 EL
K&, RISHK, XEESCHRAA) prior/likelihood/posterior 1 SCALANRE B AIFEHEZA S RTH g4(u | O):
FRIEBITLH generative model 5 Bayesian update, q HJZ learner-side candidate uncertainty,
AHIEN population prior HHTFEIN Bayesian posterior, WARE ¢, 0 SECAHE M,

IXANRUIH, SCERAY “BA unit —ZREEC 2/0F =R R E

1. MRAECULARHIESS unit 730 — 25K EL
2. MRABEZUEX unit AIBENLEKEUH posterior shrinkage;
3. N—ke/b &IEIEH amortize — P EREEL KA 1o

=R EAEATAY function-generator W R, HWERAZEIERTTIHBNE; HaTHLA 5 ERH
XJll2, B amortize HIZXT fixed actual U = u* HJ candidate law g4(u | O), 45 shared
fo(z, E;u) composition; H @M H 2 outcome distribution pse(y | O,z), M2 sampled unit
B¢ function posterior,

5 BRERBEMEIERES?
5.1 {R4EHAHEXN effect modifier
VCM E5HAEM) modifier i@ &2 =/ MEHRIES AR &, Fla0:

o TEHE. calendar time, disease stage;
o treatment dose. exposure intensity;
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o BTSN E;
o population density. lagged system state;
e —/NMEIE domain knowledge B single-index FE|HVK4E score,

ISR A AR B 2“3 RUUATBEIX NS, coefficient curves FLERFH feature interaction
iR 7) (N

5.2 BEEMEZES longitudinal trajectories

HE subject FEZ NN R] U2 HT, random slopes. functional mixed effects #1 longitudinal
VCM ] AR A population sharing 5 within-subject evidence, BRI R EIEAKEIZ, 4
YibrEY). CD4 trajectory, wearables, & IBMLFMNMEIT HFSI,

XHEMIAX 5T unit 5 observation: 3 modifier U = t 72 calendar time K, [(t) H/ERR
population relationship BN RIEZE; ‘EFHAR NN R SAE, BLESIEN “B DN —5FKEE,
HAFMA subject identity., random effects BUE S within-subject history, 4 HEH time-varying
population effect 55 subject-specific trajectory %37,

5.3 FHIEREINRS

WNR ARG 5 )1 M APIRASIES 2k, functional-coefficient AR P PALL[EE AR BERIE, X
e RS E M autoregression AR, #H EHIHLIHIFETERE threshold, tree/TAR FEES
ﬁo
5.4 ZHEEFEERHE

Y CEl—HEBEARFEM A EREXRR BIZOEIARBIN, GWR 5 spatial VCM RH
R ABZIRH IEHEIE I 23] confounder BYAEE Ja) A AR 1M i L S =y SR M LI 22 5o
5.5 ™MEL treatment 5 dose selection

ZESE dose-response TEFBHEEEST. policy intensity. pricing fl resource allocation HJUH EE
B, XRFIEFE: BBHEARE. 79 overlap. AJ{SHY pretreatment covariates, PAM treatment
assignment mechanism Y& FEE,

5.6 2% task HRIHEEN

BIGEIEE EZ W2 HK tasks, BT task RE/D&E context pairs B, Neural Process.
Hypernetwork F1 meta-learning F] DA% >JESBRENAYAE B, IXHAREEANZ “B1 task IR
25 M KEIH tasks 8| — A PIEZALR function prior,

6 AERMELBRLER: BRMXUEHERE

XERSHHE BRI REMER AT ASZHRe A 4 TRESCHHT 4

Hastie—Tibshirani HYZEIS; B varying-slope VCM  approximate F-tests  {%# held-out test;

ethanol engine, J& in-sample fit RSS 2.65; = HfE  X#F E-C interaction FHEE RSS HErHLE

n =88 FZERN 5.19, 6.33, 5 nonlinear BINX predictive
3.20 coefficient variation  performance
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ERSEHE BRI REMELER CIYSZ5 1 /A ENES AT
Hastie-Tibshirani = R M [T logistic VCM &R~ VCM Al EE covariates £ MI J5l

myocardial-infarction
example

Cai—Fan—Yao
Canadian lynx, #f
102 RllZR, J5 12 K
T

Hoover et
al. HIV-exposed
children growth

Huang—Wu-Zhou
AIDS, 283 %
HIV-positive males,
A 1-14 N E

VCNet: IHDP 5
News

SCIGAN: TCGA.
News, MIMIC

HyperNetworks [
sequence/image
experiments

observational data

H SN TR 37

held-out forecasting

HSLARIM Lt

5 . .
H5E covariates;
continuous treatment

5 outcome FH K

ISEe . .
Ea& covariates;
response curves KE

i

HINEH ML

benchmark

blood
pressure/cholesterol
curves 5 treatment
i flexible interaction

—Z Wi AAPE AHEE
TAR PRI 25%;
HIXF linear AR(2),
nonlinearity test

p < 0.001

J&/R gender, HIV
status, maternal
vitamin A effects [
(REIRI e

J& R baseline,
smoking, age.
pre-CD4 effects HJHT
H2Zfl, H&RE
bootstrap inference
testing AMSE:
THDP 0.117 vs
DRNet 0.230; News

0.024 vs DRNet 0.114

VvMISE: 1.89. 3.71.

2.09; DRNet 4 3.64.

4.98, 4.45

sequence modeling %
JEYE SOTA, CNN
DA D SR FFE T
Sy

binary outcome, 7

{8 treatment-specific
curves ARG AN

£l

& state-dependent
dynamics A %35 5 HA
o

irregular repeated
measurements |~ A {dj
time-varying effects

FHIER observation
times T~ AT AZRAd T
55

VCM-style neural
head XFid
continuous-treatment
benchmark B3K
g 2EE
H1 simulator truth b
AL F# T baseline

conditional
parameter generation

A DAY R B S 4 55

8; JFOCAmE SR
HEFE naive causal
interpretation

fEEFGH absolute
error HE/INEER A
&, SERRIE R
PN

JRIS SRR
predictive
leaderboard

TRELESME
counterfactual curve
ground truth

News £ GPS Hy
0.022, W&MF
VCNet; ZRAZM
LR A HSIE
counterfactual
outcomes {yHWIFRE
ARG ISR E
SEEHRTCIEE R R
Pl

& unit-level causal

response HJIEHE

IXRFARR T — DAL 2 VOM NESSEERIEREZ HIANIE ., R, W fore-
casting; FIX individualized causal response H5EREBhERIBRNIFEER B S HEHE, W&
ANREH [F] — IEHE PRI TR A — i

7 RXRFENMT LB/

7.1

‘BIEEE pooling 52 BZ HE T EFHTH

524 pooling RIZATE units HH—5KE; T2 BENIXECHEAD unit WG KL, 8
WA ES], AR mixed effects 5 function generator #5% A RIJER :

7.2

HERBESME +

ER— MR

unit-specific coordinate/evidence.

RIS BE(Y | X, Z) BELE (X, 2) WA EEE, VOM REXN X i pggly, Hik
coefficient BEARHAE Z Z2{k, [KICRESE RIGVESAEARE IS > [ BUS FL 418,
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7.3 'BHERBREETHRATHREN S

WEIRMMEERLE interactions, H—%% B;(t) BHEREIEMEE: L& X, MIEHIMFEGERS,
INFIE], HEAREGHEZEL? 7 ONREERE. ALHIERISEAE BRI subgroup discovery IR ME,
7.4 ‘BBEHAZFFER shrinkage 5 uncertainty

Mixed effects, GP 5 Neural Process T 5% unit function X — MHE s, BRI A
RE p(G; | 0;), TE evidence Fi/PINA] population structure W4d, FF25HBRELEL contrast

uncertainty,

8 MABRSRBOLR

8.1 — factual point FEEIRBI—FLEEREL

HEA unit AR

Y; = Gi(Xy),
MIER 2* £ X;, HELF ZHRREIE X; b—3K. £ 2~ X, Frbh:

No cross-unit structure, no unit-level function learning.

G AT AR A5 | AFEEE family, smoothness, KFE. random-effects distribution, task
prior. ZEMJJ7FE, intervention data BYEA restriction, “F unit BHEeHHWN—KEKE 2
— R[S A,

8.2 E4E modifier XEFEIBLER I

VCM PEHEMEHT modifier 4EERAK, Cai FFRHMfTEH, Z24E modifier BY/EHFIHTESLEHIR
IR, Adaptive index, sparsity. trees 5 deep encoders Z&fi# 1 0], {H[FEKR 59/ T coefficient
curve M EREMRRE,

8.3 FALMBRMY, HRRIELR

Wi VOM“ARTT_EAT R MR JEARSERUER: 8;(U) 5 link function AT DA™ A i R
[ joint response surface FIESE interaction, HEAIRHIE: £4%€ modifier U 5§, £# VCM
BEENTLIEEN X RIREESRMESEH, XIERE AR coefficient interpretation
FIRIE, i ERNEEBERAEEG. XAETRZEHINE S G representation HIHESS,

A] PASEH basis, tree B( deep encoder 132! h(X), Fi%#>] varying coefficients; {H I coefficient
ARG & E RS g, RS B4 VOM 1Y <4l TE8.

8.4 smoothness A]GE=BRLEE

Kernel, spline f1 GP @& BEMAR modifier values BAMIEL response, # B LAV IE hard
threshold., #iH subgroup BUEEIRAE, IR 274 bias; I tree. mixture B change-point
BRI T 5,

10
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8.5 JUF. tail 5§ extrapolation FFEE

JRERAEAITE modifier support HIIAZ A BMI, DEWBE, JRIE VCM H survival example E
JE7 tail coefficient X/D %] observations 1REUK, X T dose-response, X—[A[@FEL N positivity:
LRBNILPAEZHA dose, A RIBEHE HIZEHI MARIZR,

8.6 MMFEMEARBHEFHEZ X

WIMEIARE A5 Yy WRAR X 2k, T~MK5R treatment effect i X Zft, Unmeasured
confounding, selection, post-treatment modifiers 1 measurement error #F]BEHIE T T, %
4 treatment JEELSREA relevant (z,a) A EH% support,

8.7 coefficient A B XA IRGETYILE

PXZE feature scale, basis, link function BXAIIAAHZE covariates #RAJRERZL AR coefficients,
Kl “unit B coefficient vector” FHFAFRIREFET “unit BIPIFENLH]”, Coefficient curve s& A A fig
BN, A TCRE IR A A tH 58 M,

8.8 #T unit AY cold start

AIHHT unit & H repeated outcomes, MZHIERE TS descriptors, subject-specific curve
HEEIE[A] population average, Neural function generator %8 IHFRIXME BIAF, H 2 unit
prior 155 R,

8.9 function-level evaluation 1R ¥

38 prediction HFEHERY; 5 Y. 585 response function PHEFHZELEZ D query points FW
2R[A]— unit, (HISEHIEFE HAZ]; KSR ABL5ZE] fundamental problem of causal inference FJFR
ill, RIHAR 210 S H BE A factual loss, semi-synthetic integrated error, policy value B¢ uncertainty
coverage IR,

8.10 REMRAKIFEARSHEMENRM

SCIGAN AR HE GAN B/ DFEEET MIINGFEA, RE individualized-response 73 iEiE
B HIMAAFERE, overconfident extrapolation 5 function uncertainty AR HERY[A)#,

9 NAEE VCM BB FRAEFRERFES?
B2, MENIHEREEE: ROBEESRNER, RERIERA,

VCM HIf R4 TEH AL IX A4

coefficient fifi context ZE{t. smooth interaction, GAM, conditional
parameterization

group/subject-specific coefficients random slopes. mixed effects. hierarchical Bayes

JRI R o% FR R =S A 22 1k local models. GWR. spatially varying coefficients

A EIX I A R 250 model-based /linear trees, mixture of experts; 5@
RF/GBDT /25 S 73 X K b

treatment effect B unit features Z8ft CATE. causal forest, HTE

ZEH context ARk Hypernetwork, conditional computation

MWD& evidence HEWT—ZREREL meta-learning, Neural Process
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VCM Hi R4 FEHAAE X B

PRI SCRERE T VOM BRI 30 ML Wi, ERRER AU “REYIARMRE L R E R
A7 I8 regression tree JAH AT leaf — NMEHETM, trifE RF/GBDT A E KX ) predictor
X 5 modifier U, BERAHRERZLFBER 8;(U). HIEZH ERGL VOM HIZ leaf WLE SR
Y] model-based /linear trees, AN E#ZH boosted trees #/R coefficient functions HY tree-boosted
VCM, WTTTERLBTET B ahiksk split FIS4ERE, MYTZ T coefficient curve 5 BRI
B,

VCM RIBAFEAGUGEM ML, EZEF/NMHEEH,

1. ERBRNGREEMRIFZEE, BEGNCARMESEE A — R, (R4 BT
Y coefficient modifier,

2. @M ML {tfk aggregate predictive risk, VCM B EA} structured heterogeneity, J&Hh
V5 AT R LR, XEEAR—ERFAFRUE leaderboard FEHR,

3. WRIHEMaE/> T N TEMIER, EIT1831&M 7 XL representation, WFFRE NAHIEH
BRIR 28 A coefficient; (HARMERIALE A FEHIH 230 coefficient functions,

4. 2% unit curve EE A ERMEMIRE, H:PUERK ImageNet FGt— benchmark,

5. RIGHESAIEREMELEK S, —BHE4E encoder BRI SEA: g B R4 spline, Fik
B, HAHBREM VOM IR 5 ke,

6. MESHX 28, GAM. mixed-model, spatial, causal forest, meta-learning %% H4fH T
HEE ®E— 15— “unit response function” API,

lt, VCM &AERM; ©EG—HBA RS B 8 T

10 Unit-Level Response Function Learning FIERHA &

10.1 VCM 22—/ ZrR55
A AT VCM F i — MBI unit-selection law:

q(du | O;) = 6g(z,)(du),

Ri(- | ) = Ro{- | =, U; = B(Z;)}.

BEA=NRE]: selection law 1BLEY point mass; unit state 582 H observed modifier £
%E; response X explicit input {REFEMER LM,

10.2 Functional mixed effects & repeated-measure Rf]

2 0; HEF— subject BIZA™ (Xyt, Yie) W, AT AT

p(Gi | O;)

FHiEid population prior ff{ shrinkage, JIXEt VCM B #Zif literal subject-specific curve, {HE
1) F 25 ERTEJZ repeated outcomes, /& one-shot evidence,

10.3 Causal individualized response & R A S&AHIRHL

24 explicit input 5 treatment A, KR!
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o consistency / well-defined intervention;

« no unmeasured confounding BZFENIILIZIT;

e positivity / overlap;

o structural invariance 5752 cross-world coupling;

« target 52 CATE, conditional mean curve, distributional response, X/ literal unit effect,

P RIX LRI, FFAYZ treatment-indexed predictor, TMANE causal response function,

10.4 BEEPRERNHRNSR
—/NEe BN unit B H CRIKEY o, W BRI HY operational contract, B 7EEAE world-

side outcome computation 55 learner-side prediction 737

F—BR: world-side token selection 5 outcome generation, Model-level U 1%E$E token;
TEFBAMY context 5 time scale N, —{X realization U = u* /&% token [V fixed embedding, [
X} predictors/query x 5 event noise E = e, ZfR outcome &

Yo () = fo(x, e;u™).

AR EFZ5XRIHE, Token-embedding injectivity A] PAYE identity-encoding assump-
tion, {H one-shot observation FIRAN w* BIME—2EFR, AHEFRAFRESE L,

B 2: predictors {4 factual evidence f{ unit abduction, Learner % X = x i,
EEEIEE oF, FRHEWHIX DEPR token ATREXT (T4 embedding, Abduction A =FfEATE
FEW

qo(u | 2™) = N (u; pg (2, 2¢>($F)) (Gaussian),

gp(u | 2F) = H Cauchy(uj;m¢7j(a:F),7¢7j(:EF)) (Cauchy).
J

Point mode &M recognition commitment; Gaussian 8 ambiguity FRIERKESEHLET
local, finite-variance uncertainty; Cauchy A location 5 scale, {H{%f finite mean Y variance,
A A polynomial tails fREFIZE “BAINMA” By candidate mechanisms, — & &R learner X
[f]— actual u* f¥Y epistemic abduction result, AZ&IX sample #AIE —N#THY physical unito
Cauchy HY full support HWARIEET outcome EFHEH A unit 4 AK; outcome support 5 fy
5 E BE,

% =F: candidate-conditioned generation, X% candidate v, learner J&/H[F—3k
= generator fp(2@, Eyu)o NIEHKEF, 1EHE event noise B SHIHINE /E

p9(' ’ xQ7u) = £E{f9<vaE; u)}

XA S — A, Do HE2 fo 5 event noise B-FH outcome distribution, N[A] embeddings
] REE R ERE AR queries 7= E[A— predictive map, Kt unit identity FYR][X 5345 response
equivalence JEM 5, ™H#FH measure-theoretic kernel 105 A] ATEFRICHI SRR ENIKE, [HAM
JEAE generator ontologys

$FIE: £F| X =2 J5H ordinary prediction, Factual prediction #, [F—"7EUE = 5
ZIRBA query EHER, B 29 = x, Distributional abduction FJEZEFMNIZ
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pooty | +7.0%) = [ poly | % wao(u | 2")do
u
FHY sampling procedure &

Un~aqy(-12F),  E~pp, Y =foz? E;D).

Tilde ¥/~ computational candidate, /& world-side identity redraw, Point mode NI B % {#
F fo(29, E;ap(x))o HIE prediction JR[A] outcome distribution B{HE point summary, F~IR[E—
I physical unit, WARIREI—%% sampled function,

#HHE: same-token counterfactual linkage, #i factual predictors & =, ZxIf[F— token
R 2/ N outcome, RAEEM 2 = z 15211 point 8¢ distributional abduction result:

pooly | oa) = / poly | ' w)gp(u | 7) du.

TREK gp(u | '), KX EH alternative query BEHTIAAI token, AIAEHE unit —k4Ht
5, Fixed abduction + changed query %t Layer 3 [ same-token linkage; BEAR G 4E
intervention identification BY, strict singular causal attributions

27l tractable default il neural abduction operator #iitti Cauchy location/scale, Ffif gen-
erator X x fREF linear BY bilinear, X2 R H#H inductive bias, & LR ontology HIME SR
o

ERX—ZRIAT, A DAEHFFE ok 5E N :

We separate world-side token outcome generation from learner-side unit
recognition, allow point, Gaussian, or Cauchy abduction from factual pre-
dictors, and preserve same-token counterfactuals by fixing factual abduc-
tion while changing only the mechanism query.

NV S S VAT SUb LK

. model-level U, actual realization u* 55 learner candidates 73FF;

. FEAR  FAH9R S AU bookkeeping, FFEY unit ontology;

. token-embedding injectivity 5 one-shot coordinate identification 77 JF;

. factual evidence = 5 mechanism query z9 B TF, BIE factual BEUEME;
. Cauchy location/scale 5 fZTEM] mean/variance 737F;

. heavy-tailed candidate uncertainty 5 unrestricted outcome support 73 FF;

. prediction adequacy 5 physical /causal mechanism identification 737 ;

. one-shot factual supervision 5 evaluator-only function truth %37

0 J O T = W N

11 RIS A&

11.1 One-shot FHFTHREZIRFITH4?

ASREIEA WA token-embedding injectivity FYEBRIZIRE B actual v* FIEHE identifica-
tion, WAMNERIANPKE ME—IJESL unit mechanism, LR BAREMIA candidate representa-
tions, response-equivalence classes, partial identification region, B¢FARfHZS HFE{IRf shared-family
assumptions NAJPAPRE target contrasts, BIf# actual unit representations fIF], ‘BT AIRESE
H#R query domain _EJ#/E u ~pg vo
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11.2 W& {E1 function-level benchmark?
2/DFEH = benchmark:

o simulator $EL5E%E unit functions, FTHLHITKE SHE;
e B repeated interventions Y crossover design MESZEIE, HTAER query ISUE;
« A factual outcome P RIFLENSEEHE, Fl T support-aware prediction 5 policy evaluation,

X =R RS, AFBER semi-synthetic curve recovery R E LRI R IE,

11.3 A4 induced function-space law, TiARREH—A?

i abrEl4E integrated log score, integrated CRPS. query-wise calibration, simultaneous
coverage. finite-contrast error. policy regret, PANAE support JIFEAMELE N BT &

11.4 GRS HZEMTMARFEIERRE?

158 pooling ZIBL N population regression; 1455 pooling <& A unit FIERECR RIS,
FHEISY hierarchical priors, prototype mixtures, low-rank function manifolds. neural stochastic
processes 5 sparse mechanism libraries Z [B] P IRAIPERIFEA S 2%,

11.5 WEEENZS unit?

S unit REN AR, AR ERINHERTRE U, 518 S, IFEIE: (A trajectory
FIE SR H T, AR E B state transition, {AJl & event noiseo

11.6 AHeHEERIRFIF] function generation HEEER?

Hypernetwork 7] PAZE B EREL, (HARIUE R F5C IR ; causal estimators B PARBIFELE contrasts,
HIARRE BTE#E outcome distribution, — P RAWESRTR ZHE design/identification, unit abduction,
mechanism evaluation, uncertainty reduction #l falsifiable evaluation J&¥X— 25 IEHEHE,

12 it

[El%¢ unit-specific response function, FARFIFIFZARIAN, MECEEH —RERGIT S
LA E IR : random-effects $2ELMASEH ZHHERT; VOM 4 observed modifier MLy
JAIER coefficient functions; functional mixed effects & subject-specific deviation Y R NFENLER R
GWR. functional-coefficient time series 5 model-based trees {-FRZZ ], RS S5 BEFFME; causal
forest, DRNet, SCIGAN 5 VCNet “#>] heterogeneous treatment/dose response; Hypernetwork
fl Neural Process M function generation #EMIIEF &4E(T5%5,

IXARIR i B L[] SR U2

AER units FEEEF]—54% response function; ZEREATEHEZR] 2 S HY R EAE B AL,

ERAEERG X, FEANZRNEBREILY, MmEENSHEXAE AR unit, ev-
idence, query, estimand HHIEFH X, HIFESASLIRHNGE — R, 2UMEAR unit
evidence , # world-side U = u* HY token outcome generation., H factual predictors 15Z/fY
point/Gaussian/Cauchy abduction, candidate-conditioned generator evaluation 5% outcome
prediction 73FF; same-token query [&EE factual abduction, A mechanism query., [F]R 271K
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SEAH: token—embedding injectivity 2EARRIZMAE one-shot identification, A embeddings
] A=A AHTA] predictive behavior, Cauchy heavy tails AT unrestricted outcome support; =
BEIMA design 5 identification F&HA BEME—203K15 causal BY mechanism interpretation,

EE B

Ahmed M. Alaa and Mihaela van der Schaar. Bayesian inference of individualized treatment
effects using multi-task gaussian processes. In Advances in Neural Information Processing
Systems, volume 30, 2017. URL https://papers.nips.cc/paper_files/paper/2017/hash/
6a508a60aa3bf9510eabacb021c94b48-Abstract.html.

Ioana Bica, James Jordon, and Mihaela van der Schaar. Estimating the effects of continuous-
valued interventions using generative adversarial networks. In Advances in Neural Information
Processing Systems, volume 33, 2020. URL https://proceedings.neurips.cc/paper/2020/
hash/beab955b308361a1b07bc55042e25e54-Abstract . html.

Chris Brunsdon, A. Stewart Fotheringham, and Martin E. Charlton. Geographically weighted
regression: A method for exploring spatial nonstationarity. Geographical Analysis, 28(4):281—
298, 1996. doi: 10.1111/j.1538-4632.1996.tb00936.x.

Zongwu Cali, Jianqing Fan, and Qiwei Yao. Functional-coefficient regression models for nonlinear
time series. Journal of the American Statistical Association, 95(451):941-956, 2000. doi: 10.
1080/01621459.2000.10474284.

Rong Chen and Ruey S. Tsay. Functional-coefficient autoregressive models. Journal of the Amer-
ican Statistical Association, 88(421):298-308, 1993. doi: 10.1080/01621459.1993.10594322.

William S. Cleveland, Eric Grosse, and William M. Shyu. Local regression models. In John M.
Chambers and Trevor J. Hastie, editors, Statistical Models in S, pages 309-376. Wadsworth and
Brooks/Cole, 1992.

Davide Fabbrico, Matteo Pedone, and Francesco Claudio Stingo. An interpretable varying co-
efficients approach to non-linear regression. Statistics and Computing, 36(4):152, 2026. doi:
10.1007/s11222-026-10903-y.

Jianqging Fan and Wenyang Zhang. Statistical estimation in varying coefficient models. The Annals
of Statistics, 27(5):1491-1518, 1999. doi: 10.1214/a0s/1017939139.

Jianging Fan and Wenyang Zhang. Statistical methods with varying coefficient models. Statistics
and Its Interface, 1(1):179-195, 2008. doi: 10.4310/S11.2008.v1.n1.al5.

Jianging Fan, Qiwei Yao, and Zongwu Cai. Adaptive varying-coefficient linear models. Journal
of the Royal Statistical Society: Series B (Statistical Methodology), 65(1):57-80, 2003. doi:
10.1111/1467-9868.00372.

Marta Garnelo, Dan Rosenbaum, Christopher Maddison, Tiago Ramalho, David Saxton, Mur-
ray Shanahan, Yee Whye Teh, Danilo Rezende, and S. M. Ali Eslami. Conditional neu-
ral processes. In Proceedings of the 35th International Conference on Machine Learning,
volume 80 of Proceedings of Machine Learning Research, pages 1704-1713, 2018. URL
https://proceedings.mlr.press/v80/garnelol8a.html.

Wensheng Guo. Functional mixed effects models. Biometrics, 58(1):121-128, 2002. doi: 10.1111/
j-0006-341X.2002.00121 .x.

16


https://papers.nips.cc/paper_files/paper/2017/hash/6a508a60aa3bf9510ea6acb021c94b48-Abstract.html
https://papers.nips.cc/paper_files/paper/2017/hash/6a508a60aa3bf9510ea6acb021c94b48-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/bea5955b308361a1b07bc55042e25e54-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/bea5955b308361a1b07bc55042e25e54-Abstract.html
https://proceedings.mlr.press/v80/garnelo18a.html

Unit-Level Response Function Learning Narrative Review

David Ha, Andrew Dai, and Quoc V. Le. Hypernetworks. In International Conference on Learning
Representations, 2017. URL https://research.google/pubs/hypernetworks-2/.

Trevor Hastie and Robert Tibshirani. Varying-coefficient models. Journal of the Royal Statistical
Society: Series B (Methodological), 55(4):757-779, 1993. doi: 10.1111/j.2517-6161.1993.tb01939.
X.

Jimmy Hickey, Jonathan P. Williams, and Emily C. Hector. Transfer learning with uncertainty
quantification: Random effect calibration of source to target (RECaST). Journal of Machine
Learning Research, 25(338):1-40, 2024. URL https://www.jmlr.org/papers/v25/22-1369.
html.

Donald R. Hoover, John A. Rice, Colin O. Wu, and Li-Ping Yang. Nonparametric smoothing
estimates of time-varying coefficient models with longitudinal data. Biometrika, 85(4):809-822,
1998. doi: 10.1093/biomet /85.4.809.

Jianhua Z. Huang, Colin O. Wu, and Lan Zhou. Varying-coefficient models and basis function
approximations for the analysis of repeated measurements. Biometrika, 89(1):111-128, 2002.
doi: 10.1093/biomet/89.1.111.

Nan M. Laird and James H. Ware. Random-effects models for longitudinal data. Biometrics, 38
(4):963-974, 1982. doi: 10.2307/2529876.

Lizhen Nie, Mao Ye, Qiang Liu, and Dan Nicolae. VCNet and functional targeted regularization
for learning causal effects of continuous treatments. In International Conference on Learning
Representations, 2021. URL https://arxiv.org/abs/2103.07861.

Patrick Schwab, Lorenz Linhardt, Stefan Bauer, Joachim M. Buhmann, and Walter Karlen. Learn-
ing counterfactual representations for estimating individual dose-response curves. In Proceed-
ings of the AAAI Conference on Artificial Intelligence, volume 34, pages 5612-5619, 2020. doi:
10.1609/aaai.v34i04.6014.

Stefan Wager and Susan Athey. Estimation and inference of heterogeneous treatment effects using
random forests. Journal of the American Statistical Association, 113(523):1228-1242, 2018. doi:
10.1080,/01621459.2017.1319839.

Lan Xue and Annie Qu. Variable selection in high-dimensional varying-coefficient models with
global optimality. Journal of Machine Learning Research, 13:1973-1998, 2012. URL https:
//www.jmlr.org/papers/v13/xuel2a.html.

Achim Zeileis, Torsten Hothorn, and Kurt Hornik. Model-based recursive partitioning. Journal of
Computational and Graphical Statistics, 17(2):492-514, 2008. doi: 10.1198/106186008X319331.

Yichen Zhou and Giles Hooker. Decision tree boosted varying coefficient models. Data Mining
and Knowledge Discovery, 36(6):2237-2271, 2022. doi: 10.1007/s10618-022-00863-y.

17


https://research.google/pubs/hypernetworks-2/
https://www.jmlr.org/papers/v25/22-1369.html
https://www.jmlr.org/papers/v25/22-1369.html
https://arxiv.org/abs/2103.07861
https://www.jmlr.org/papers/v13/xue12a.html
https://www.jmlr.org/papers/v13/xue12a.html

	问题、范围与综述方法
	研究问题
	三层纳入范围
	证据等级

	一个统一形式与三个必要区分
	从共享函数到 unit-conditioned function
	observed-indexed 不等于不可约的 unit-specific
	稳定 unit type、动态 state 与 event noise
	predictive heterogeneity 不等于 causal response

	方法谱系
	前史：random coefficients 与 mixed effects
	Varying-coefficient models：从一个参数向量到一族局部关系
	1993 原论文究竟展示了什么？

	直接后代：时间、空间、高维和树结构
	纵向与 functional data
	非线性时间序列
	空间异质性
	学习 modifier 与高维选择
	从平滑变化到分段变化

	因果机器学习：从异质效应到整条 dose-response curve
	现代 function generators：同一思想的深度学习重述
	Cauchy random effect：组件级邻居而非同一设定

	四类方法到底学习了什么？
	哪些问题和数据最适合？
	低维且有语义的 effect modifier
	重复测量与 longitudinal trajectories
	平滑非线性动力系统
	空间非平稳性
	个体化 treatment 与 dose selection
	多 task 快速适应

	代表性实验结果：必须区分证据类型
	这类方法为什么有效？
	它在完全 pooling 与完全分离之间建立了正确折中
	它是一种结构化维数约简
	它把异质性变成可研究对象
	它自然支持层级 shrinkage 与 uncertainty

	根本缺点与失败边界
	一个 factual point 不能识别一条任意函数
	高维 modifier 会重新遭遇维数灾难
	条件线性既是优势，也是表达边界
	smoothness 可能是假结构
	边界、tail 与 extrapolation 不稳定
	预测异质性不自动具有因果含义
	coefficient 本身依赖坐标与模型设定
	新 unit 的 cold start
	function-level evaluation 很困难
	深度版本的样本量与校准代价

	为什么没有以 VCM 的名字成为主流机器学习？
	Unit-Level Response Function Learning 的更精确位置
	VCM 是一个严格特例
	Functional mixed effects 是 repeated-measure 特例
	Causal individualized response 是带识别条件的特化
	更有辨识度的研究对象

	仍然开放的研究问题
	One-shot 条件下究竟识别了什么？
	如何构造可信的 function-level benchmark？
	如何评价 induced function-space law，而不只评价一个点？
	如何学习共享结构而不抹平真正异质性？
	如何处理动态 unit？
	如何把因果识别和 function generation 接起来？

	结论

